ABSTRACT. It is shown that there exist infinitely many cubic fields L with a power basis such that the splitting field M of L contains a given quadratic field K.
Introduction.
We prove the following result, which answers a question posed to the authors by James G. Huard.
Theorem. Let K be a fixed quadratic field. Then there exist infinitely many cubic fields L with a power basis such that the splitting field M of L contains K.
We remark that Dummit and Kisilevsky [2] have shown that there exist infinitely many cyclic cubic fields with a power basis.
Squarefree values of quadratic polynomials.
The following result is due to Nagel [5] . We quote it in the form given by Huard [3] . 
Proposition 2.1. Let f (x) be a polynomial with integer coefficients such that
Thus, for example, 2 is a fixed divisor of x 2 + x. Since the only possible fixed divisor of a primitive quadratic polynomial with integer coefficients is 2, the case k = 2 of Proposition 2.1 gives 
Proposition 2.2. Let a, b, c be integers such that
The following result is due to Llorente and Nart [4] , see also Alaca [1] .
Proposition 3.1. Let a and b be integers such that the cubic polynomial
x 3 − ax + b is irreducible and such that either v p (a) < 2 or v p (b) < 3 for all primes p. Let θ be a root of x 3 − ax + b, and set K = Q(θ) so that [K : Q] = 3. Let s p = v p (4a 3 − 27b 2 ) and ∆ p = (4a 3 − 27b 2 )/p s p . Then the discriminant d(K) of the cubic field K is given by d(K) = sgn (4a 3 − 27b 2 )2 α 3 β p>3 s p ≡1 (mod2) p p>3 1≤v p (b)≤v p (a) p 2 , where α =              3, if s 2 ≡ 1 (mod 2), 2, if 1 ≤ v 2 (b) ≤ v 2 (a), or s 2 ≡ 0 (mod 2) and ∆ 2 ≡ 3 (mod 4), 0, otherwise, β =                                                        5, if 1 ≤ v 3 (b) < v 3 (a), 4, if v 3 (a) = v 3 (b) = 2, or a ≡ 3 (mod 9), 3 b, b 2 ≡ 4 (mod 9), 3, if v 3 (a) = v 3 (b) = 1, or 3 | a, 3 b, a ≡ 3 (mod 9), b 2 ≡ a + 1 (mod 9), or a ≡ 3 (mod 9), b 2 ≡ 4 (mod 9), b 2 ≡ a + 1 (mod 27), 1, if 1 = v 3 (a) < v 3 (b), or 3 | a, a ≡ 3 (mod 9), b 2 ≡ a + 1 (mod 9), or a ≡ 3 (mod 9), b 2 ≡ a + 1 (mod 27), s 3 ≡ 1 (mod 2), 0, if 3 a, or a ≡ 3 (mod 9), b 2 ≡ a + 1 (mod 27), s 3 ≡ 0 (mod 2).
Proof of theorem.
Let K be a quadratic field so that K = Q( √ d) for a unique squarefree integer d = 1. (We remark that our proof is also valid when d = 1 giving another proof that there are infinitely many cyclic cubic fields with a power basis, see Dummit and Kisilevsky [2] .) We now describe briefly how our theorem is proved. We construct infinitely many cubic polynomials {f k (x) : k ∈ S} in such a way that the corresponding cubic fields
, each of which has a power basis.
We consider the following ten cases:
Case 2 : d ≡ 2 (mod 4), d≡ 0 (mod 3). In cases 7 and 8 we let q be a prime such that
We define It is easily checked that in all cases the coefficients of p(k) are integers so that p(k) ∈ Z for all k ∈ Z. Moreover,
Further, the conditions stated in Proposition 2.3 are satisfied by the coefficients of p(k) in every case. Thus, by Proposition 2.3, the set
is infinite. Moreover, no two distinct values of k in S can give the same value to p(k).
For k ∈ S, we set
It is easy to check that gcd
Clearly there does not exist a prime p such that v p (a) ≥ 2 so that we can apply Proposition 3.1 to determine the discriminant d(L k ) of the cubic field L k . We note that 
